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INTRODUCTION



THE SIMPLE RANDOM WALK

The one-dimensional simple random walk is defined by an
independent identically distributed sequence {X;,X,, ...} where

Xi € {—1,+1}. The main interest is the position of the walker at time
n, given by

n
Sn = Z Xh
i=1

and So = 0.
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The elephant random walk (ERW) introduced in 2004 can be
represented by a sequence {X;, Xy, ...} where X; € {-1,+1}.
Assuming that, at time n, the elephant remembers its full history
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The elephant random walk (ERW) introduced in 2004 can be
represented by a sequence {X;, Xy, ...} where X; € {-1,+1}.
Assuming that, at time n, the elephant remembers its full history
and chooses its next step in a strong dependent sense.

First, it selects randomly a step from the past, and then, with
probability p € [0,1], it repeats what it did at the remembered time,
whereas with the complementary probability 1— p, it makes a step in
the opposite direction.

In other words, at step n + 1, it chooses t € {1,....n} uniformly at
random. Then

N Xt with probability p
") X, with probability 1— p



THE ELEPHANT RANDOM WALK

The ERW shows a transition from diffusive to super-diffusive
behaviours for Sy, with critical p. = % That is, the mean squared
displacement is a linear function of time in the diffusive case

(p < pc), but is given by a power law in the super-diffusive regime
(p>pc)

- Baur, E. and Bertoin, J. (2016) Elephant random walks and their
connection to Polya-type urns. Phys. Rev. E 94, 052134.
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We are interested in the formulation of an ERW with delays as given
by Gut and Stadtmuller (2019). Let the first step given by
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ORIGINAL FORMULATION

We are interested in the formulation of an ERW with delays as given
by Gut and Stadtmuller (2019). Let the first step given by

+1 , with probability p,
X1 =< —1 ,with probability q, (2)
0 , with probability r.
wherep+qg+r=1
The next steps are performed by the rule
Xt , with probability p,

Xns1=1<{ —X¢ , with probability g, (3)
0 , with probability r,

where tis uniformly chosen from {1,...,n}.
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Let a sequence {X,}n>1 and consider the position given by
Sn = >_i_, X.. The random walk we are dealing with starts at the
origin, i.e.,, So = 0. Then, for n > 1, we use the random variables

1, with probability p,
an = < =1, with probability g,
0, with probability r,

with p +q +r =1, such that X; = a4 and for each n > 2 we set
Xn = YnOénXUﬂ + (’I - Yn) Qn, (4)

where Y, posses the Bernoulli distribution with parameter 6 € [0, 1).
U, is a discrete uniform random variable on {1,2,...,n — 1}
Moreover, a, and U, are independent and Y, is independent of the
RW’s past.
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MAIN RESULTS

We use the following notation

a=((p-9) 0, w=(p-9)(1-0), 7=(1-0)(p+9),

2
v=(p+0)-ando? = — _( - ) : (5)
T—7 1—a



LAW OF LARGE NUMBERS

Theorem (G-N et. al, 2024)
Let the RW given by (4), for all o € [0, 1)

Sn — E(Sn)

lim =0 as (6)

and
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where (Wt,t > 0) is a real-valued centered Gaussian process
starting at the origin with covariance given, forall 0 < s <'t, by
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normality. . } d .
(T -55) SN 5;): ©)




LAW OF ITERATED LOGARITHM AND ALMOST SURE CLT

Theorem (G-N et. al, 2024)
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Theorem (G-N et. al, 2024)

If a < 1/2, then
limsup £+ _n S—”— @ 2* o a.s
n_mp 2loglogn n 1-a/) 1-2a "

Theorem (G-N et. al, 2024)

If @ < 1/2 then we have the following almost sure convergence of
empirical measures

ognz:k{fTk 7 ) <x }M—O%FZ() a.s (10)

where F; is the cumulative distribution function of
Z ~N(0,02/(1 = 20a)).



FUNCTIONAL CENTRAL LIMIT THEOREM - CRITICAL REGIME

Theorem (G-N et. al, 2024)

If « = 1/2, we have the distributional convergence in D([0, ool),

nt /Siny T 2
( logn(mw—zw),wo):(m—w Bt,t>0> (1)

where (Bt,t > O) is a standard Brownian motion. In particular, we
have the asymptotic normality

2 (S”—2w)$N(0,T—4w2>. (12)
logn \ n 1T—7




LAW OF ITERATED LOGARITHM AND ALMOST SURE CLT

Theorem (G-N et. al, 2024)
If a =1/2, then

2
limsup + < n > (S” —Zw) - T _w? as
N— 00 2lognlogloglogn n 1—7




LAW OF ITERATED LOGARITHM AND ALMOST SURE CLT

Theorem (G-N et. al, 2024)
If a =1/2, then

. n Sr 2 T )
= = — 4 S.
lILn_f’otojpi<2lognlogloglogn> (n 2w) 1—7v ©oes

Theorem (G-N et. al, 2024)

If & = 1/2 we have the almost sure convergence

1 LI n—s00
oglogn &= Kogk (e (3-2) o~ 12 as (1)

where F7 is the cumulative distribution function of Z ~ N(0, o).



THE SUPERDIFFUSIVE CASE

Theorem (G-N et. al, 2024)

We have the almost sure convergence

(=G 2e0) — (aes)

where L is a non-degenerated random variable such that

B —a)—w
BN = i —a &
where 8 :=p — g, and
\Y 1 ’
1= oy 2 ) ey

oy T 20w’ wa(B—-1
where V:=p + a4+ gja=n ~ Ga=nie=mr + 4 { (a(,”z’} + 7



GAUSSIAN FLUCTUATIONS - SUPERDIFFUSIVE CASE

Theorem (G-N et. al, 2024)
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GAUSSIAN FLUCTUATIONS - SUPERDIFFUSIVE CASE

Theorem (G-N et. al, 2024)

If > 1/2, then

2

Ve (e (- ) - 1) (055 ) a5 e ()

n 11—«
and

limsupiW(ﬂﬁ_Q(Sﬂﬂ_&) _L) = 20° a.
n— 00 loglogn 200 =1

S (18)



SKETCH OF THE PROOFS



DEFINITIONS

We base the asymptotic analysis of the RW on the sequence (M),
given by Mg = 0 and forn > 1 by

Mn = anSp — WAy, (19)
where; on the one hand, the sequence (ap) is given by a; = 1 and for
n>?2as

(a+1) r1+a)
2
Hv n+a) o (20)

where I stands for the Euler gamma function, and; on the other
hand, sequence (Ay) is given by Ag = 0 and forn > 1 as

n
A, = Z an. (21)
k=1



SOME IMPORTANT QUANTITIES

Additionally, we observe that from (20) that almost surely

E[Mn1|Fa] = ang1(Sn +w) — wAnpg
= anSp, — whA, = M,.

Thus, (My) is a discrete time martingale with respect to the filtration
(Fn)-
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Additionally, we observe that from (20) that almost surely

E[Mn1|Fa] = ang1(Sn +w) — wAnpg
= anSp, — whA, = M,.
Thus, (My) is a discrete time martingale with respect to the filtration
(Fn)-

In this sense, the asymptotic behaviour of the model is strictly
related with the sum:
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SOME IMPORTANT QUANTITIES

Now, note that by Stirling formula for the gamma function

nOé
an ~ ——m— as n
" Flat) e (23)

Therefore, in the diffusive region, where 0 < a < 1/2, we have:
TN (a+ 1)\ LI
_ UGG @ ar )Y~ 2 U
" ; ( r(k+a) ) (Fa+1) g« e (24)

as n — oo. Then, by the p-series we know that

lim 0 _ (Ma+ 1))?
n—oo N1—2a 1— 2«




SOME IMPORTANT QUANTITIES

In the critical region, where o = 1/2, we have
"1
o~ (F3/2)Y ; X (26)

Then v, diverges with velocity logn and we obtain

Vi

m —
nsoo lOgn 4

22



SOME IMPORTANT QUANTITIES

In the critical region, where o = 1/2, we have
"1
o~ (F3/2)Y ; X (26)

Then v, diverges with velocity logn and we obtain

Vi

m —
nsoo lOgn 4

Finally, in the superdiffusive region, if 1/2 < o <1,

. 0 T(k+DM(a+1))° 1,1,1
l =S () = ’ 1
e 8 kzg( F(k+a-+1) (@), (a+1)
(28)
where 5F, is the (finite) hypergeometric generalized function.

22



SOME IMPORTANT QUANTITIES

Most of the asymptotic analysis will be conducted by the increasing
process of martingale (M,); the predictable quadratic variation (M),
given, forall n > 1, by

=1

(M)a = ZE[AM | k] = E [€]|Fo] + ZaiﬂE €kl F]
k=1
n—1

z
_ 1—2w(2[>’—1)+w2+7;aﬁ+1f+(T—w2)vﬂ

n—1
Sk
— 2Wazai+1? zzak+—| |<2 (29)
k=1

23



SOME LEMMAS

Lemma
The martingale (M,) can be written in the additive form
n—1

n—1 n—1
X — E(X¢| Fro
M, :ZAMKZZ(Mk—MkA):Zw (30)
k=1 k=1

a
k=1 K

24



SOME LEMMAS

Lemma

The martingale (M,) can be written in the additive form

n—1 n—1 n—1
Xe — E(X| Fi
My :ZAMK:Z(MK—Mk,1):Zw (30)
k= k=1

a
k=1 K

Lemma
n—1

T—a
Let a, defined in (20), then Z M+ t)ne

al41 (1-a)
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SOME LEMMAS

Lemma
The martingale (M,) can be written in the additive form

n—1 n—1 n—1
X — E(X¢| Fro
= E AM, = E (M = My_q) = E X = E(X|Fi1) (30)
k= k=1

a
k=1 K

Lemma
n—1

T—a
Let a, defined in (20), then Z M+ t)ne

al41 (1-a)

Lemma

‘ ] , . ;
The seriesv, = > 57 converges, if and only if, a > 5

24



SOME LEMMAS

Lemma

Let AM, = M, — M,_4, assume for alle > 0

o 1
ZTE |AMH|2H{\AMH|25\/W}‘]:”—1] < o0 4a.s (31)
n

n=1

and for some a > 0,

>

n=1

E[ AMH|2aH{\AMn\§\/ﬁ}‘fn—W] < oo a.s (32)

<
So| =

Then, (M) satisfies that

1 d Vi — Vi1
) G as 33
log vy, kzz; ( Ve M/ BT = (33)

where G stands for the N(0, o?) distribution.

25



PROOF OF ALMOST SURE CENTRAL LIMIT
THEOREM



DIFFUSIVE BEHAVIOURS

The proof is essentially based on previous Lemma. Hence, we have
that

1 1 o= 1
E:WE|AMMLMmgvﬂfpﬂ§;3§:@EUAMMﬂﬂ4}
k=1 k=1 K

,] oo
4 —
< ngJlE [&¢ | Fir] 5 >

k=1

= (1—2a)?
k2

a, _16wa; 16
o B <o

V2 — 22 2
Vi 5 Vi

00
k=1 k=1

Where, last step is due to (20). Therefore (31) holds. To prove the
validity of (32) we follow analogous steps with a = 2. Then

1 d Vi — Vi1
) G a. 34
log v, é ( Vi M/ = B 85 (34)




DIFFUSIVE BEHAVIOURS

By recalling that, i ~ 522, logv, ~ (1 — 2a) logn and
\/“v% ~ /152 (Sk — kﬁ), we conclude that

T =1 .

T—a

where G* ~ N(0,0?/(1 - 2a)) is the re-scaled version of G ~ N(0, o?).

28



PROOF OF FUNCTIONAL CENTRAL LIMIT
THEOREM



DIFFUSIVE BEHAVIOURS

Note that, using (29) and Toeplitz lemma, we have

2
im 1 My, = F(a—H)Z('yT +(T_w2)_2w2a_<wa>>

n—oo N1—22 1—2a \1—7

2
Uzr(a+1)
1- 2«

a.s.

Then, we apply the functional central limit theorem for martingales.
That is, consider the martingale difference array D, x = ﬁ(m\/\k),
which satisfies

M (a+ 1)t1—2a

— a.s. (36)

. 1
lim 7<M>LHU =0

n—oo N1—2c

In addition, we need to prove the Lindeberg’s condition.

30



DIFFUSIVE BEHAVIOURS

1

1

2

ni—2a ZE[AMKH{\AMKDE\/N*M}
k=1

n
n20—20)2 ZE[AMME—H

Fi-1)

IN

4
< nz(w 20) 2 ZakE[ﬁk‘}—k 1l < n2(1 20) 2 Zak’

Then, thanks to (20), we have that, as n —

n’a;

2
Vn

— (1-2a)?,

(1—2a)¢?
T—4a

which implies that 1= >7}_, a} converges to



DIFFUSIVE BEHAVIOURS

Therefore,

1 . .

= > E[AMIT py, 5evir=ay [Fio1] = 0 @s n — oo in probability,
k=1

which allows us to conclude that for all t > 0 and for any € > 0,

1 [nt]

n1—2a ZE[AMiﬂ{\AMk|>EW}|fk4] — 0, (37)
k=1

as n — oo in probability.

32



DIFFUSIVE BEHAVIOURS

By noticing that limp_,eo W92m — =T (q + 1) and that (20) implies

nW*Za
that
M nt) :LntJaLntJ (SLntJ & )+ war a.s
Ve Joiza \[nt]  T-a)” (1—a)/n 2=

(38)

we conclude that

/R Sy w t>0) = (Wy,t>0),
(va( )20)

Int] 1—«
where Wy = B /(t"=2I'(a + 1)), which completes the proof of the
theorem.

33}



CALCULATIONS IN THE SUPERDIFFUSIVE
REGIME



SUPERDIFFUSIVE BEHAVIOURS

In this case, the second moment of the position is calculated
recursively. That is,

35!



SUPERDIFFUSIVE BEHAVIOURS

In this case, the second moment of the position is calculated
recursively. That is,

E[S]—M <p+q+r(2a+1)n2hkr(k+1)>,

r(n)ra+1) ~ T(k+1+2a)
(39)
where
F(k+1) T M(k+1) 20?2 kl(k+1)
“T(k+1+20)  1—AT(k+1+20a)  T—al(k+1+2a)
r(k+1) o Tkt )

" (k+1+20) " 2Kber(K+ 1+ 20)

35!



MULTIDIMENSIONAL WALKS WITH TENDENCY



THE DYNAMICS

We define a discrete-time evolution (X)i>1. The n-step denotes an
opinion (movement), given by X, € E = {1,2,...,K} the set of
choices.



THE DYNAMICS

We define a discrete-time evolution (X)i>1. The n-step denotes an
opinion (movement), given by X, € E = {1,2,...,K} the set of
choices. In the context of a random walk, we have K = 2d or 2d + 1
with laziness, then, we denote the set of directions by

£ (e1,—€1,...,€4,—€q) , If Kis even,
¢ (e1,—€1,...,€6q,—€4,0) , if Kis odd,

where (es,...,eq) is the canonical basis of the Euclidean space RY,
and 0 denotes not movement.



THE DYNAMICS

n

Let S, = in the d-dimensional position of the walker at time n.
i=1

The (n + 1)-step is obtained by flipping a coin with probability 6,

denoted Y, and then:
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THE DYNAMICS

n

Let S, = in the d-dimensional position of the walker at time n.
i=1

The (n + 1)-step is obtained by flipping a coin with probability 6,

denoted Y, and then:

- If Y, =1, we chose uniformly at random t € {1,2,...,n}, then
Xn1 1S equal to X; with probability p. Otherwise, X,1+ follows any
other direction with uniform probability :{Tﬁ

38



THE DYNAMICS

n
Let S, = in the d-dimensional position of the walker at time n.

i=1
The (n + 1)-step is obtained by flipping a coin with probability 6,

denoted Y, and then:

- If Y, =1, we chose uniformly at random t € {1,2,...,n}, then
Xn1 1S equal to X; with probability p. Otherwise, X,1+ follows any
other direction with uniform probability :{Tﬁ

- If Yy =0, then X,.1 = e; with probability p or any other direction
with uniform probability =2.

Note that, if & = 1 we obtain an elephant-type dynamics. In case
0 = 0, the tendency with intensity p is given by direction e;, such
tendency is effective if p > 1/K.

38



MAIN RESULTS



LAW OF LARGE NUMBERS

Theorem (G-N, 2020)

Let (Sn)nen the position of the walker, we get the following
almost-surely convergence

nsoo N K—=14+6(1—Kp)

(1,0,...,0)".

40



FUNCTIONAL LIMIT THEOREM - DIFUSSIVE CASE

Theorem (G-N, 2020)

If p < ££26=1 then, for n — oo, in D[0, c0)

1 tn(1—6)(Kp —1)

d
NG [Sm ~ K=1+6(1—Kp)

(1,0,...,0)T] S wy,

“



FUNCTIONAL LIMIT THEOREM - DIFUSSIVE CASE

Theorem (G-N, 2020)

If p < ££26=1 then, for n — oo, in D[0, c0)

1 S tn(1—6)(Kp —1)
¢n[“”_K1+HUKm

Oﬁw“ﬁf}$wb

where W; is a continuous d-dimensional Gaussian process with
Wo = (0,...,0), E(W,) = (0,...,0)T and, for0 < s <t,

o (K+Ma+p+p—-1 0 0
E(W.W!) = s (i) &= y 0 2:5 O
0 0 25

K=1(0-p)

where w =

Bk —1+ 2601~ Kp)y @ = (K~ P+ 801 —Kp) and
B =K—=1+6(1—Kp).

“



FUNCTIONAL LIMIT THEOREM - CRITICAL CASE

Theorem (G-N, 2020)

If p = ¥£26=1 then, for n — oo, in D[0, 00)

1
ntlog(n)

K(2p —1) =1
|:5Lntj — nt% (1707...,O)T:| i)Wt,

where W; as above and for 0 < s <t,

42



FUNCTIONAL LIMIT THEOREM - CRITICAL CASE

Theorem (G-N, 2020)
If p = ¥£26=1 then, for n — oo, in D[0, 00)
1 K2p—1) =1

———— S|y —n
ntlog(n) { - K—1
where W; as above and for 0 < s <t,

(1,0,...,0)T] 9w,

—~
~
_|_
N
~—
(@]
(@]

1—p K—3 0 2 0
EWSWE) = 4 <p+ 2 ) e e

42



THE SUPERDIFFUSIVE CASE

Theorem (G-N, 2020)

Let denote S, = S, —E(Sy) and a = =1 ifp > K20=1 then we have
almost sure convergence

where the limiting value L is a non-degenerated random vector. We
also have mean square convergence
2)

S
lim E(H L=
n—oo

43



THE SUPERDIFFUSIVE CASE

Theorem (G-N, 2020)

The expected value of L is E(L) = 0, while its covariance matrix is
obtained by

™ _ g r(n)* 8 &r
E(LL) = lim g+ mzeondn);
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THE SUPERDIFFUSIVE CASE

Theorem (G-N, 2020)

The expected value of L is E(L) = 0, while its covariance matrix is
obtained by

™ o r(n)* 8 &r
E(LL) = lim g+ mzeondn);

N n—1 289 n—2 n—i 9
E(5.51) = (1 + —) E(S5:S]) + (1 i +1 k) {Hld + (1= )M,
i i=1 k=1

=4 U
< [[r-ES) + —9)Vp> (alé) [T n-Es) +( —9)Vp> ]

=1

2a6
+84+ (1 —9)Mp+H (1+7

—< 2 an E(S) + (1—9)vp) <na_9 : H%HE(&HO—H)VD) .
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SKETCH OF THE PROOFS



RELATION WITH AN URN MODEL

Let denote F = o (X4, ..., X,) the o-field generated by the sequence
X1, o ooy Xn.
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RELATION WITH AN URN MODEL

Let denote F = o (X4, ..., X,) the o-field generated by the sequence
X1, o ooy Xn.

Therefore, defining N(n,x) = [{i € {1,...,n} : Xi = x}|, the number of
steps in the direction x € E4 until time n, we obtain

X — Mgy e
N LR TL PR

The position of the walker can be obtained by using an auxiliary
process, which evolves as an urn model with K colors.
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RELATION WITH AN URN MODEL

In this sense,

(Ui,n = Ugn, Usjn = Usny oo, Ukean — Ukon) , If Kis even,
Sn =

(ULI’] - Uz,ﬂv U3,n - Ul&,l’h ©oog UK—Q,I’] - UK—1,H) ) If K |S Odd7
where Uy = (Uyn, ..., Ukn) is the vector that denotes the number of
balls of each of the K colors, at time n. Each color is associated to
the random variables N(n, x) above.
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RELATION WITH AN URN MODEL

Then, by defining the random replacement matrix as in Janson
(2004), we need to introduce the random vectors &, fori € {1,...,K},
which represent a random number of balls to be added into the urn.
Essentially, these column vectors assume values on {eq,..., e} the
canonical basis of the Euclidean space X. That is, these vectors
denote the color of the ball to be added.
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RELATION WITH AN URN MODEL

Then, by defining the random replacement matrix as in Janson
(2004), we need to introduce the random vectors &, fori € {1,...,K},
which represent a random number of balls to be added into the urn.
Essentially, these column vectors assume values on {eq,..., e} the
canonical basis of the Euclidean space X. That is, these vectors
denote the color of the ball to be added.

In this sense, we obtain

p p+o .. p+olte
1—=p  1=p—0(1—Kp) 1-p
K—1 K—1 K=1
A= (E(&)vaE(gK)) = ’
1—p 1—p 1-p—0(1—Kp)
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DIFFUSIVE BEHAVIOURS

for this matrix, the largest eigenvalue is Ay =1, and forj =2,...,K
we get
Kp —1
=0 .
v=0(%)
Moreover, u; = (1,1,--- ,1)7, and

_ _ _ o N
Vi _((K 1)(p )\2)7,I paa1 p) (K_—I)(—I_)\Z)a

and, forj=12,3,...,Kwe obtain

1
(K= =X)’

where the different value is at j-th position. Similarly,
v =(1,0,...,-1,...,0)T, with =1 occupying the j-th position.

U==p-, (KeDra—(K=2)=p,---,1=p)'
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DIFFUSIVE BEHAVIOURS

We then use Theorem 3.21 from Janson (2004), which states that

ﬂ_1Un — vy .

and Theorem 3.22 of Janson (2004) to prove the functional limit
theorem. Then, let Ly = {i: A\j < \/2} and Ly = {i : \j = \/2}. The
limiting covariance matrices are given by

uj TBuy

. _ R
Z)\1 )\7)\ ; ZH_ZujBqujvj,

j,kel; jeLy

K
where B = ZVﬂBi and B; = E[¢¢]],

i=1
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DIFFUSIVE BEHAVIOURS

Therefore,

u/Bu; =

1—-p p—1 SRR
(K== X2 | p—1+(K=1D(1=X) ,ifi=],
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DIFFUSIVE BEHAVIOURS

Therefore,
UTBU'* 17p p_1 /Ifl#Ja
T (K =1)2(1 = M\)2 p—1+(K-=1D1-X) ,ifi=]j,
and
17 0 —1 0
o 0 --- 0 0
ol — :
Wizl 210 1 o |’
O 0 --- 0 0

we highlighted j-column and i-row.
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SUPERDIFFUSIVE BEHAVIOURS

We define a locally square-integrable multidimensional martingale,
given by

a0 n
Mp = ansn Zak (Sk - ( — ) Sk 1) = Zak5k7 (40)
k=1

k—1
1

=1
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SUPERDIFFUSIVE BEHAVIOURS

We define a locally square-integrable multidimensional martingale,
given by

a0 n
Mp = ansn Zak (Sk - ( — ) Sk 1) = Zak€k7 (40)
k=1

k—1
1

=1

Then, as in Theorem 3.7 in Bercu (2018), we need to prove that

lim Tr(M)s < oo as (47)

where TrA stands for the trace of matrix A and

M) = E[(aker)(@ce) | Fi) - (42)
P
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SUPERDIFFUSIVE BEHAVIOURS

Then,

n—1 U
20(1— 6) Tr(S1vp)
_ 2 T 2 - :
Tr(M)y, = a’E(ee]) + a(p, 6, K) ;am (1 a(p,0,K) |

n—1

a2y (2) s 2

where a(p,8,K) =1— (1 - 6)? (p“K (=er )
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SUPERDIFFUSIVE BEHAVIOURS

Then,

n—1 U
20(1— 6) Tr(S1vp)
_ 2 T 2 - :
Tr(M)y, = a’E(ee]) + a(p, 6, K) ;am (1 a(p,0,K) |

n—1

a2y (2) s 2

where a(p,8,K) =1— (1 - 6)? (p%)
In addition, note that for all | > 1 and for all p,K and 6,

T
—1< 2R IO <1 Then,

n—1

Tr(M), < afE(ee]) + 2a(p,0,K) Y _at,,. (44)
=1
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SUPERDIFFUSIVE BEHAVIOURS

n n 2
Note that, Zaf = Z (W) , which in the superdiffusive
=1 =1

regime satisfies

n ) 2
: RECEN{!
nl'jo]ozzL af :Z <()()> =3F (1,1, 180 + 1,20 +1;1),
=

— r@d+1)
(45)
the finite confluent hypergeometric function. Therefore,
lim Tr(M), < o a.s. (46)

n—oo
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